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1. In t roduc t ion  

Wigner (1960), in a widely read and cited article, articulated what 
had previously been recognized by many scientists, namely, the remarkable 
affinity between the basic physical sciences and mathematics, and he noted 
that it is by no means obvious why this should be the case. The remark- 

ableness of this fact is obscured by the historical co-evolution of physics and 
mathematics, which makes their marriage appear to be natural and foreor- 
dained. But serious philosophical explanations for the underlying reasons 
are not many. 

This paper dissects the normal use of mathematics in theoretical sci- 
ence into three aspects: idealizations of the scientific domain to  continuum 
mathematics, empirical realizations of that mathematical structure, and 
the use in scientific arguments of mathematical constructions that have no 
empirical realizations. The purpose of such a dissection is to try to isolate 
gaps in our knowledge about the justified use of mathematics in science. 
We believe that the apparent Uunreasonablenessn referred to in Wigner's 
title 'The unreasonable effectiveness of mathematics in the natural sci- 
ences" arises from such lack of knowledge, rather than to some principled 
difference in the nature of mathematics and that of science. 

Of the three aspects mentioned, the second - empirical realizations 
of mathematical structure - is the one with the largest body of positive 
results. A number of these are recent, and a major portion of the paper is 
devoted to outlining some of them.' 

2. Infinite Ideal izat ions 

In the sciences, the domains of interest are usually finite. But, from a 
human perspective, such domains are often "largen and "complexn and typ- 
ically, scientists idealize them to infinite ones - to something ontologically 
much larger and more complex than the original domain. Paradoxically, 
the resulting models are frequently much more manageable mathematically 
than the more realistic, finite models. Although such idealized domains are 
necessarily not accurate descriptions of the ones of actual interest, these in- 
finite, ideal descriptions are nevertheless useful in science. In the authors' 

a ~ h e  reader who wishes to know more about this and related research in the theory 
of measurement is referred to two expository papers by the authors, Luce and Narens 
(1987) and Narens and Luce (1986), and to two sets of books: Krante et d. (1971), 
Suppes et d. (1989), and Luce et d. (1990); and Narena (1985; in preparation). 
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view, this is because the focus of science is generally not on giving exact 
descriptions of the entire domain under consideration - such descriptions 
would generally prove to  be too unwieldy and too complex to be of use - 
but rather with the production of generalizations that capture particular, 
scientifically significant features of the domain and that interrelate nicely 
with other generalizations about related domains. 

Many kinds of generalizations used in science require us to ignore cer- 
tain properties that are inherent in finite models; and others emphasize 
properties that are valid only in infinite ones. For example, in finite, or- 
dered domains, maximal and minimal elements necessarily exist. Further, 
a desirable generalization may exclude such elements, as for example: "For 
each American middle class individual, there is a slightly richer American 
middle class individual." Or a useful generalization may use the concept of 
a homogeneous domain (as explained below) - a condition that is a basis 
of many scientific laws and one that usually requires infinite domains. 

The crux of the matter is that science - a t  least as currently practiced 
- relies on special kinds of generalizations rather than exact descriptions, 
and such generalizations necessarily need infinite domains, and hence actual 
scientific domains need to be idealized to infinite ones. There are many ways 
to  carry out such idealizations, and unfortunately at the present time there 
are, in our view, no acceptable formal theories of idealization. While this is 
obviously a very important problem in the foundations of science, it appears 
to  be a very difficult one. Various strategies have been suggested - e.g., 
idealize through some use of potential infinity or through some recursive 
process - but so far these attempts have failed to capture the full power of 
the current practices of mathematical science. 

Intuitively, the idealization of a finite domain should be to some de- 
numerably infinite one. However, mathematical science routinely employs 
nondenumerable domains (e-g., continua, finite-dimensional Euclidean 
space, etc.) for idealizations, because these have special, desirable mod- 
eling properties that are not possible for denumerable domains. (E.g., for 
continua X the proposition, YEach continuous function from a closed inter- 
val of X into X takes on maximum and minimum values," is true, whereas 
for densely ordered, denumerable X it is false.] While it is an interesting 
exercise to try and replace assumptions that imply nondenumerability of 
 articular classes of scientific models with others that are consistent with 
denumerability, we will not go into this topic here, since for this paper it is 
somewhat peripheral. 

Instead, we will simply take as a starting point that science employs 
idealizations of actual (non-mathematical) domains, and that these quali- 
tative idealizations, which are usually infinite (and often nondenumerable) 
are used qualitatively to express generalizations about the original domain. 
But we emphasize that this is a major lacuna in the philosophy of science, 
one about which we do not, at  present, have anything useful to say. In our 
opinion, understanding exactly when such idealizations are helpful is one 
major gap in understanding the effectiveness of mathematics in science and 
is a part of its perceived Uunreasonableness". 

With such idealizations accepted, the next problem is then to explain 
why mathematics is so effective in drawing useful inferences about the qual- 
itative, idealized domain. To investigate this, the properties of qualitative 
structures that permit their quantification will be looked a t  first; that is, 
we will first look at how numbers enter in science through processes of 
measurement. 

3. Empirical Bases for Number Systems 

The number systems most used in science are algebraic subsystems of 
the ordered field of real  number^,^ ( Re,?, +, +). There are many such sub- 
systems, and for the purposes of this paper, the most important ones are 
the subsystems of positive integers, positive rationals, and positive reals, re- 
spectively ( I + ,  >, +, +), (Ra+ ,  >, +, *), and (Re+,  >, +, +). The subsystem 
of positive integers has two important empirical realizations: a system based 
on ordered counting (ordinal numbers) and a system based upon matching 
finite sets in terms of their being in one-to-one correspondence (cardinal 
numbers). Although these two realizations are empirically different, they 
are algebraically identical, since each can be shown to be isomorphic to the 
algebraic system of positive integers. 

The system of positive rationals has a variety of empirical realizations, 
some in terms of the realizations of the system of positive integers. These 
latter will not be discussed in this paper for lack of space. Instead, we will 
focus on those that result from extensive measurement (discussed below), 
which is basic to much of mathematical science and which can also 
empirical realizations of the system of positive real numbers. 

b ~ t  has become conventional in part of the measurement literature to use Re, Ra, and 
I for the real numbers, the rationals, and the integers, respectively, and to superscript 
them with + to denote the positive restrictions. 












