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MEANINGFULNESS AND THE ERLANGER PROGRAM OF FELIX KLEIN* 

"Meaningfulness" i s  a  term t h a t  has been used i n  t h e  theory  of measu- 

rement t o  d e s c r i b e  t h e  q u a l i t a t i v e  o r  empi r i ca l  s i g n i f i c a n c e  of q u a n t i t a t i v e  

s ta tements .  Measurement, of course ,  is  t h a t  p a r t  of s c i ence  t h a t  i s  concerned 

w i t h  a s s ign ing  q u a n t i t a t i v e  e n t i t i e s  - u s u a l l y  "numbers", a l though sometimes 

"poin ts"  i n  a  geometr ical  space - t o  q u a l i t a t i v e  o r  empi r i ca l  e n t i t i e s .  Pre- 

sumably, one of t h e  most important  reasons f o r  employing measurement i s  t h a t  

t h e  q u a n t i t a t i v e  e n t i t i e s  have well-known p r o p e r t i e s  and a r e  easy t o  manipu- 

l a t e .  However, an obvious problem a r i s e s  i n  t h a t  c e r t a i n  q u a n t i t a t i v e  manipu- 

l a t i o n s  - al though c o r r e c t  mathematical ly  - may produce r e s u l t s  t h a t  do not  

have any q u a l i t a t i v e  o r  empi r i ca l  i n t e r p r e t a t i o n ,  and more s t r o n g l y ,  may have 

no " q u a l i t a t i v e  s ign i f i cance"  a t  a l l .  

This  i s  obviously a  very anc i en t  problem, and one t h a t  has  rece ived  

much a t t e n t i o n  i n  t hose  t imes when mathematics was extended t o  new kinds of 

e n t i t i e s  and when p a r t i c u l a r  s c i ences  employed new and d i f f e r e n t  k inds  of 

mathematical modeling procedures : I n  informal  terms, it  i s  t h e  problem of 

whether one i s  j u s t  "playing mathematical games" o r  one i s  "desc r ib ing  o r  

uncovering important s t r u c t u r e " .  This paper w i l l  r e p o r t  on some of my inves- 

t i g a t i o n s  i n t o  t h i s  e l u s i v e ,  fundamental i s s u e .  Because of i t s  b r e v i t y ,  most 

of t h e  d i s cus s ion  w i l l  be r e s t r i c t e d  t o  an impor tan t ,  c l a s s i c a l  case  - F e l i x  

K le in ' s  famous Er langer  Program f o r  geometry. 
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Since ancient times, plane Euclidean geometry has had axiomatic syn- 

t h e t i c  characterizations. In such characterizations, the primi t ives  (the un- 

defined terms) supposedly corresponded to basic, intuitive geometric concepts, 

and the axioms to intuitively true propositions about those concepts. In more 

recent times, plane Euclidean geometry has also had an ana ly t i c  characteri- 

zation, which in this paper will be taken to be the algebraic characteriza- 

tion in terms of 2-tuples of real numbers with a concept of distance defined 

by the metric 

In this analytic characterization, geometric curves are described by 

graphs of equations, e.g., straight lines by graphs of linear equations. 

What bothered synthetically oriented geometers of the Nineteenth Cen- 

tury was that in the analytic characterization there were curves describable by 

equations that apparently did not have synthetic geometric meaning - that is. 
were apparently "nongeometrical". Felix Klein,,in this Erlanger Program for geo- 

metry, tried to bridge this difficulty by declaring those concepts in the 

analytic characterization to be Euclidean geometric if and only if they were 

invariant under the Euclidean motions (i.e. the group of transformations 

generated by rotations, reflections, and translations). ~leine's idea of 

identifying intrinsic concepts of a well-defined domain with invariance un- 

der a particular group of transformations is still very prevalent in mathe- 

matics and science today. Klein, however, did not justify philosophically 

his decision to identify "geometric1' with "invariant", and to my knowledge 

no one since him has given a satisfactory philosophical argument as to the 

correctness of such an identification. This paper will look very closely at 

this identification and its consequences. 

Nineteenth Century geometry and modern measurement theory have much in 

common in terms of methods and concepts. Klein's approach to "geometric" is 

essentially identical to many measurement theorists approach to "meaningful". 

To keep a host of technical issues from obscuring the main points of this 

paper, the example of plane Euclidean geometry will be used as the focus of 

discussion rather than some more complicated scientific context of measure- 

ment. In order to make clear that a measurement context is really being stu- 

died, this geometric setting will be described in terms of measurement ter- 

minology : 

Let x be a model of some synthetic axiomatization of plane Euclidean 

geometry. It is assumed that the set X of planar points is the domain of 

x , so that in this formulation individual lines and circles are sets of 
points. x is called the syn the t i c  model. 



Let  E2 = Rex Re (where Re deno tes  t h e  r e a l  numbers),  and l e t  N 

be a  s t r u c t u r e  w i t h  domain E2 . N i s  c a l l e d  t h e  analy t i c  model. 

I n  measurement t h e o r y ,  x i s  c a l l e d  t h e  q u a l i t a t i v e  s tructure  and N 

t h e  numerical s tructure .  L e t ' s  assume t h a t  N h a s  been s e l e c t e d  i n  an appro- 

p r i a t e  way, and t h a t  t h e  s y n t h e t i c  axioms about  x a r e  such  t h a t  t h e  fol low- 

i n g  " e x i s t e n c e  theorem" c a n  be  proved : There e x i s t s  an isomorphism from x 
onto N . L e t ' s  a l s o  assume t h a t  N has  been s e l e c t e d  i n  such  a  way t h a t  t h e  

g raphs  o f  l i n e a r  e q u a t i o n s  a r e  t h e  " l i n e s "  o f  N , and t h e  g raphs  of c i r c u l a r  

q u a d r a t i c  e q u a t i o n s  a r e  t h e  " c i r c l e s "  o f  N .  (Such an ax iomat ic  s i t u a t i o n  i s  

common i n  geometry,  e . g . ,  s e e  H i l b e r t  1899).  I n  measurement t h e o r y ,  t h e  s e t  

S  of isomorphisms from x o n t o  N i s  c a l l e d  t h e  scale (based on N ) f o r  

x . Elements of S a r e  a l s o  c a l l e d  representations.  Let  E be t h e  group of 

E u c l i d e a n  motions o f  E2 . Under t h e  above assumptions  t h e  f o l l o w i n g  unique- 

ness theorem f o r  S can  b e  shown (where x d e n o t e s  t h e  o p e r a t i o n  of f u n c t i o n a l  

composi t ion)  : For a l l  representations cp and v i n  S , ( i )  there  e x i s t s  a i n  

E such t h a t  cp = a*$, and ( i i )  6xq i s  i n  S for a l l  6 i n  E .  

Let cp be  an e lement  of S , and l e t  T  be t h e  f o l l o w i n g  4-ary r e l a -  

t i o n  on E2 : For a l l  p o i n t s  x , y , u , v  i n  x , 

T ,cp(y> ,cp(u> ,cp(v) 1 i f f  d  [cp(x) ,cp(y) I - > d [cp(u) ,cp(v) I . 
Then i n  measurement t h e o r y  T  i s  s a i d  t o  be  meaningful s i n c e  it is  e a s y  t o  

show t h a t  : 

T [ y ( x >  ,y (y>  , y ( u >  ,y (v)  1 i f f  T[$(X) ,$(y> ,$(u> ,$(v)  1 ( 1  

f o r  a l l  y,jl i n  S . Since  a l l  e l ements  o f  S a r e  isomorphisms o n t o  N , it 
i s  e a s y  t o  show t h a t  T  i s  a l s o  geomet r ic  i n  t h e  E r l a n g e r  Program s e n s e  ( i . e . ,  

T  i s  i n v a r i a n t  under  Euc l idean  mot ions)  . To h e l p  unders tand  t h e  geomet r ic  

n a t u r e  of T  s y n t h e t i c a l l y ,  i t  i s  u s e f u l  t o  i n t e r p r e t  T  s y n t h e t i c a l l y .  

This  i s  done by look ing  a t  R = cp-' (T) , which i s  d e f i n e d  by,  

R(x,y ,u ,v)  i f f  T[cp(x) ,cp(y) ,cp(u) ,cp(v) I , 
f o r  a l l  x , y , u , v  i n  t h e  domain of x . By (1)  it f o l l o w s  t h a t  R = (T) 

f o r  a l l  $ i n  S. S ince  S c o n s i s t s  o f  isomorphisms, i t  e a s i l y  f o l l o w s  t h a t  

R i s  i n v a r i a n t  under t h e  automorphisms of x . 
It s i m i l a r l y  fo l lows  t h a t  each  ( a n a l y t i c )  geomet r ic  r e l a t i o n  o r  concept  

based on E2 has  a  cor responding  ( s y n t h e t i c )  r e l a t i o n  o r  concept  based on X 

t h a t  i s  i n v a r i a n t  under  t h e  automorphisms of X . Thus f o r  purposes  o f  t r y i n g  

t o  unders tand  t h e  E r l a n g e r  Program's concept  of "geometric",  it i s  s u f f i c i e n t  

t o  f o c u s  on t h e  q u e s t i o n ,  "Why shou ld  automorphism i n v a r i a n t  r e l a t i o n s  and 

concep t s  based on X be t h e  s y n t h e t i c a l l y  geomet r ic  ones  ? " 

I n  o r d e r  t o  answer t h i s ,  i t  i s  conven ien t  t o  f o r m u l a t e  t h e  problem i n  a  

g e n e r a l  a b s t r a c t  s e t t i n g  t h a t  i n c l u d e s  t h e  t a r g e t  s e t t i n g  of p l a n e  E u c l i d e a n  


















