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Measurement Scales on the Continuum 
R. DUNCAN LUCE AND LOUIS NARENS 

In a seminal article in 1946, S. S. Stevens noted that the 
numerical measures then in common use exhibited three 
admissible groups of transformations: similarity, affine, 
and monotonic. Until recently, it was unclear what other 
scale types are possible. For situations on the continuum 
that are homogeneous (that is, objects are not distin- 
guishable by their properties), the possibilities are essen- 
tially these three plus another type lying between the first 
two. These types lead to clearly described classes of 
structures that can, in principle, be incorporated into the 
classical structure of physical units. Such results, along 
with characterizations of important special cases, are 
potentially useful in the behavioral and social sciences. 

T HE MAIN RESEARCH ACTIVITIES TODAY ON THE MATHE- 

matics underlying numerical representations of qualitative 
orderings of objects or events-theories of measurement- 

center not on the classical methods that evolved in physics, which 
are well understood, but on alternative methods that may prove 
useful in other sciences where measurement has proved elusive. 
There are several different thrusts, and this article concentrates on 
one that has been developed by Luce and Narens and others 
associated with them. It is a scheme of classifying structures 
according to the degrees of uniqueness of their numerical represen- 
tations. The results all concern a very general situation in the 
sciences, namely, where a phenomenon of interest can be described 
in terms of monotonic, continuous variables as functions of other 
monotonic, continuous variables. 

The term "measurement" has many meanings, the most conlmon 
being that of assigning numbers to empirical objects according to 
some definite scheme. Empirical measurements based on such 
schemes almost always involve error, and the means for understand- 
ing and dealing with error is of fundamental importance in practice. 
However, in the theory of measurement consideration of error often 
is not treated explicitly. There are at least two good reasons for this. 
First, no general qualitative concept of measurement error has yet 
emerged, which makes it very difficult to incorporate error into 
developed theories of measurement. Second, for a large body of 
measurement issues, error considerations play little or no role. The 
latter is especially true of those issues, such as dimensional analysis in 
physics, that rely on an understanding of the interconnections of 
various numerical representations rather than on the practical 
production of accurate representations. This article is concerned 
exclusively with issues for which error is not a significant factor. 
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Classical Measurement of Physical Units 
A continuous monotonic variable is nothing more than a qualita- 

tively ordered set that can be mapped in an order-preserving way 
onto an interval of the ordered real numbers. Such ordered sets are 
called continua in mathematics ( I ) .  In measurement theory, such 
order-preserving mappings are called "representations," or some- 
times "measurements," since they "measure" the qualitative objects 
by assigning numbers in a consistent way to the objects. 

For many scientific purposes, such representations of variables as 
monotonic and continuous are idealizations, but ones that are 
ubiquitous throughout all of science. Many philosophers of science 
object to the use of continua as accurate descriptions of empirical 
variables, which are often believed to assume only finirely many 
values or are at most potentially infinite. We consider this a valid 
issue, but one about which we cannot comment in any detail in this 
short article. Suffice it to say we believe that valid arguments can be 
presented to establish that continuous variables are the correct kind 
of idealization for many, if not most, of the ordered empirical 
situations encountered in science (2, 3 ) .  

A continuun~ has many different representations. For example, if a 
continuum has a representation + onto the positive real numbers, 
which we denote Re+, then f. + (where - denotes functional com- 
position) is also a representation onto Re' for all strictly monotonic 
functions f from Re' onto Ref, and it is easy to show that all such 
representations have this form. The set of representations of a 
continuum onto Re' is an example of what is called an ordinal scale 
(4). Although ordinal scales are abundant in the behavioral and 
social sciences-rating scales of all sorts are the most common 
examples-they are avoided in the physical sciences because they are 
correctly viewed as a very weak form of measurement. This weakness 
is overcome because physical variables are always constrained in 
additional ways that greatly narrow the possible representations. 

For example, in a number of situations two objects exhibiting the 
attribute to be measured can be combined to form another object 
that also exhibits the attribute. Formally, such combinations gener- 
ate a binary operation that is given the generic name "concatena- 
tion." In measurement theory of continuous variables, it is postulat- 
ed as an empirical law that concatenation of qualitative objects is 
monotonic with respect to the qualitative ordering of the attribute. 
This means that if X denotes the ordering and 0 the operation, then 
for any objects x, y, z in the domain X, 

x x y  - (~0.2)  XC@z) ++ (z0x) X(z0y) 

Mass and length measurement are familiar examples. In addition, 
they also satisfy the properties xoC?,oz) - (xoy)oz, called associativity, 
and (x0y)-box), called commutativity, where - denotes equiva- 
lence in the sense that both x ~ y  and y ~ x  hold. 

For such relational structures, @, X, o), measurement proceeds 
by concatenating copies of various elements in the domain. Let n be 
a positive integer and u and element of X, then nu denotes the 
concatenation of n copies of u. By associativity and commutativity, 












