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MEASUREMENT WITHOUT ARCHIMEDEAN AXIOMS*

LOUIS NARENS

University of California, Irvine

Axiomatizations of measurement systems usually require an axiom—called an
Archimedean axiom—that allows quantities to be compared. This type of axiom has a
different form from the other measurement axioms, and cannot—except in the most
trivial cases—be empirically verified. In this paper, representation theorems for ex-
tensive measurement structures without Archimedean axioms are given. Such
structures are represented in measurement spaces that are generalizations of the real
number system. Furthermore, a precise description of “Archimedean axioms” is
given and it is shown that in all interesting cases “Archimedean axioms” are in-
dependent of other measurement axioms.

1. Preliminaries. Notation. Throughout this paper the following convention will be
observed. Re will stand for the real numbers; Re* for the positive real numbers;
I for the set of integers; I'* for the set of positive integers; and {xi,..., x,> and
(x4, ..., X,) for ordered n-tuples; iff will stand for the phrase ‘if and only if”.

Definition 1.1. Let J be a nonempty set and = a function from J into the non-
negative integers. A relational system of type w is an ordered pair {4, &) where 4
is a nonempty set and F = {R; | jeJ} is a family of relations on 4 such that for
each jeJ, R; is a =(j)-ary relation.

Comments on Definition 1.1:

(1) By definition, a O-ary relation on 4 is a member of A4.

(2) There is no bound on the cardinality of J. In fact, we will often use index sets
J of cardinality greater than the continuum.

(3) What is here called ‘relational systems’ are often elsewhere called ‘models
(for first order languages)’.

(4) Relations on 4 that have a special role are often listed separately from other
relations. Thus if we are concerned with an ordering relation X on 4, < € &, we
may write {4, &) as {4, I, &), etc.

(5) Operations on A can be represented as relations on 4. For example, the two
place operation + on A can be thought of as the three place relation R on 4 where
R(a, b, c) holds if and only if a + b = c.

Definition 1.2. Let A be a nonempty set and & = {R;|jeJ} the set of all
relations on A. Then {4, & is called the full relational system of A of type =, where
 is the function from J into the nonnegative integers defined by: =(j) = n if and
only if R, is a n-ary relation.

Definition 1.3. Let J be a nonempty set and & = {R; | jeJ} and = a function
from J into the nonnegative integers. By definition, the language L,(&) is the first
order language that has & = {R, | j € J} as its set of predicate symbols where for
each j e J, R, is a #(j)-ary predicate symbol. (InL,(¥), A is the conjunction symbol,
v the disjunction symbol, — the implication symbol, «» the “if and only if”
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symbol, and — the negation symbol.) If {4, > is a relational system of type =,
then by the usual definition of #ruth for first order languages (see [1], Chapter 3)
each sentence of L,(&) is assigned by <4, &) the truth value true or the truth value
false.

Comments on Definition 1.3:

(1) O-place predicate symbols are often called individual constants or individual
constant symbols.

(2) Frequently, ‘=’ will be omitted from the expression ‘L,(%). Thus, the
expression ‘L(#)’ may be thought of as an abbreviation for ‘L (F)’.

Definition 1.4. Let I" be a set of sentences of L,(#) and {4, ¥) be a relational
system of type 7. Then {4, ¥) is said to be a relational system for I if and only if
each sentence of I' is true in {4, ¥>.

Definition 1.5. Let <4, #) and {B, ¥) be relational systems of type =. Then
(A, %) and (B, %) are said to be elementarily equivalent if and only if each
sentence of L,(%) that is true in {4, &) is also true in {B, ¥).

Definition 1.6. Let Z be a set of sentences of L(F). X is said to be simultaneously
satisfiable if and only if there is a relational system <4, &) of type = such that each
sentence of X is true in {4, & ). X is said to be finitely satisfiable if and only if each
finite subset of X is simultaneously satisfiable. If {4, &) is a relational system such
that each sentence of X is true in <4, &) then <A, &) is said to simultaneously
satisfy X and X is said to be simultaneously satisfiable in {A, ).

The proof of the following fundamental theorem can be found in [1].

Theorem 1.1. The Compactness Theorem of Logic. If Z is a set of sentences of
L(Z) that is finitely satisfiable then X is simultaneously satisfiable.

Definition 1.7. Let <4, <, %) be a relational system where X is a binary
relation. <X is said to be a weak ordering on A if and only if the following three
sentences of L(¥) are true in {4, 3, #):

1) Vx(x 3 x),
Q) VXVWz(x Sy Ay S2)—>x 35 2),
B) VaVy(x Sy vy S %).

Definition 1.8. If < is a weak ordering on 4 and a, b are elements of 4, then, by
definition, a ~ biff a < b and b X a. It is easy to show that ~ is an equivalence
relation on 4. <X is said to be a total ordering on A iff each equivalence class
determined by ~ has exactly one member. By definition, ¢ < b iff ¢ < b and not
a ~ b. Also by definition, a = b iff b S a.

Definition 1.9. Let {4, <, o) be a relational system where = is a binary relation
and o a binary operation. Then {4, <, o) is said to be an ordered abelian group if and
only if it satisfies the following axioms:

(1) < is a weak order on 4;

(2) foreachxand yin 4, xoy ~ y o x;

(3) foreach x, y,and zin 4, x o (y o 2) ~ (x 0 y) 0 z;

(4) for each x, y € A there is a z€ 4 such that x oz ~ y;

(5) ifx,y,z,wareindand x Syand z Swthen xoz S yow.
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Naturally, each of the axioms for an ordered abelian group can easily be formu-
lated as a statement of L(#) where & = {X, °}.

Definition 1.10. Let {4, <, o> be an ordered abelian group. It is easy to show
that there is an unique (up to equivalence) element e in 4 (called the identity
element) such that g o ¢ ~ afor all ain A. Let, by definition, 4* = {ae 4 | e < a}.
By definition, | x | is a function from A into A4 such that (1)ife < athen|a| =a
and (2) if e > a then | a | = b where b is some element of A such thatao b ~ e.

2. Archimedean Axioms. Definition 2.1. Let {4, X, o) be an ordered abelian group.
Let a € A. Inductively define na for ne I+ as follows:

() la = a,
(i) (n + Da = (na) o a.

Let &F = {5, o}. In Definition 2.1 note that ‘na’ is not immediately formalizable
as an expression of L(&) since ‘n’ is not in the language of L(%). But ‘32’ means
‘(aca)oa and this latter expression is easily formalizable in L(£). In general,
‘na’ is formalizable in L(%) for each neI* by an expression that becomes in-
creasingly longer for larger ».

Let {4, &> be a relational system of type «. In general, not all properties of
{4, & can be formulated in terms of L(¥). For example, if A4 is an infinite set, it
can be shown that “the cardinality of 4 cannot be formulated in L(%). In par-
ticular, “Archimedean” axioms cannot be formulated in L{(Z).

Definition 2.2. Let {4, <, o> be an ordered abelian group. Then {4, <, o) is
said to be Archimedean if and only if for each a, b in A*, if a < b then for some
nel*, b < na.

It is interesting to look at the parallel definition of ‘Archimedean’ using as much
of the language L() as possible. Let <4, <, o, %) be the full relational system of
A of type =. Assume that {4, <<, o) is an ordered abelian group. For each a € 4
and each i e I'* let the formula ia of L(¥) be defined inductively as

la = a,
@ + Da = ((ia) o a).

Foreacha, bin 4 and each i e I'*, let ¥,(a, b) be the following sentence of L(F):
Yi(a,b):bSia

Then <4, o, <> is Archimedean if and only if for each a, b€ A* thereisaniel*
such that W(a, b) is true in {4, & ». (Note that ‘foreacha, bin 4* ... can be form-
ulated in L(F) by VxVVzz < x A z Sy A Vxy(zex, ~ x;)—...). However,
there is no way of formulating ‘there is an i € I'+ such that ¥;...” in L(&¥).

In practice, Archimedean axioms take many different forms. We will now give a
generalized definition of ‘Archimedean axiom’ that captures the essential quality
of ‘Archimedeanness’.

Definition 2.3. Let (A, %) be a relational system and {4, %) a full relational
system of A. (Thus ¢ = &£.) Let & = {¥y(x1, Xa,..., %) | i€I*} be a set of
formulas of L(F). & is said to be an Archimedean schemata for {A, ¥ if and only if
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for each ay, a,, . . ., a, in A there is an i € I'* such that ¥i(a,, a,, ..., a,) is true in
(A, F>.

Definition 2.4. Let T be a set of sentences of L(%). Let & = {¥i(xy,...,x,) |
i eI} be aset of formulas of L(¥). Then &/ is said to be a good Archimedean axiom
for T if and only if there is a relational system <4, ") such that:

(1) <4, ') is a relational system for I', and
(2) & is an Archimedean schemata for <4, ¥").

The following theorem shows that in all interesting situations Archimedean
axioms are not derivable from axioms expressible in L(%).

Theorem 2.1. Let T' be a set of sentences for L(¥) and &7 = {¥(x,,...,
x,) | ieI*} be a good Archimedean axiom for I'. Suppose that for each je I'*
there is a relational system <{4,, ;> of I" such that there are elements a,’,
a), ..., a,’ of A;such that if <4,, %> is the full relational system of A; then
for all i < j, — ¥i(as), ..., a,7) is true in {4,, #,>. Then there is a relational
system <4, ¥'> of T for which the Archimedean axiom £ fails, i.e. there are
ai, ..., a, of A such that for each ieI* — ¥(a,,..., a,) is true in the full
relational system of 4.

Proof. Let by, by, ..., b, be new constant symbols that are not in the language
L(%). Let IV = {= ¥i(by, b,,...,b,) | ie I*}. We will show that & =T U I"is
finitely satisfiable. Let 6,, 6,, . . ., 0, be finitely many statements of Z. Without loss
of generality suppose that 6., 0,,..., 0, are members of I' and 6, , 4,..., 8, are
members of I'. Since for k + 1 < i < n, 0;is = ¥y (by, ..., b,) for some m,, let
m be the maximum member of the set {m; | k + 1 < i < n}. By hypothesis, let
{Am, Y»> and a,™, .. ., a,™ be such that

(1) <A, %> is a relational system for I', and
2) a,™,...,a," are in A, and that for all i < m

— ¥(a,™, ..., a,") is true in the full relational system of 4,,. Interpret b, as a,™, by
asa,™, ..., b, as a,™. Then 0,, 0,, ..., 8, are true in the full relational system of 4,,.
Thus X is finitely satisfiable. By the compactness theorem (Theorem 1.1), let <A, %>
be a relational system in which each sentence of X is true. Let a,, ..., a, be the
interpretations of by, . . ., b, in {4, ). Then since foreachi e I* — ¥y(by, ..., b,)
istruein <4, ">, — ¥i(ay, ..., a,) is also true in {4, ¢’)>. Thus & fails in {4, ).

3. Nonstandard Models of the Reals. Definition 3.1. Let {Re, #) be the full
relational system of Re. {xRe, +% ) is said to be a nonstandard model of the reals if
and only if the following three conditions hold:

(1) {(Re, F> and {xRe, +F ) are elementarily equivalent in the language L(%);
(2) if a € Re then a is interpreted in (xRe, +# ) as a; and
(3) Reis a proper subset of *Re.

Theorem 3.1. There is a nonstandard model of the reals.
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Proof. Let {Re, %) be the full relational system of Re. Let I" be the set of
sentences of L(%) that are true in (Re, & ). Let b be a new constant symbol that is
not in L(¥). Let I'" be the following set of sentences: IV = {b 3¢ a | a € Re}. Let
2 = I’ U I". We will show that X is finitely satisfiable. Let 8y, 6,, ..., 0, be mem-
bers of Z. Without loss of generality assume that 6y, ..., 6, arein I" and 9.4, ...,
0, are in I". Then for each i,k + 1 < i < n, 0; is a sentence of the form a; # b
where g; € Re. Since Re is an infinite set, let &' € Re be such that b’ # g, for each
i,k +1<i<n Then 0,,80,,...,0, are true in (Re, F U {b’}> where b is inter-
preted as b’ and for each R € #, Ris interpreted as R. By the compactness theorem
(Theorem 1.1), let {xRe, +F U {b}) be a relational system of . Let f'be the following
function from Re into «Re: for all @ € Re, f(a) = ¢ where c is the interpretation of a
in *Re. Since each sentence of I' is true in (xRe, %), it is easy to show that fis an
isomorphic embedding of (Re, # ) into {*Re, % ». We may therefore assume that
Re < *Re and for all a € Re, a is the interpretation of a in (xRe, *% . Let b be the
interpretation of b in *Re. Since b # a is true in (xRe, *& U {b}> for each a € Re,
it follows that b # a for each a € Re, i.e. b € *xRe — Re. Thus {x#Re, «% > is a non-
standard model of the reals.

Notation. Let {Re, # ) be the full relational system of Re and {xRe, *# be a
nonstandard model of the reals. Then for each n-place relation R in & there is a
predicate symbol R in the language L(Z). In the relational system {Re, #>, R is
interpreted as R. If R is a 0-ary relation, then it follows from the definition of non-
standard models of the reals that in (xRe, *% ) R is interpreted as R. If Ris a n-ary
relation, n > 1, then, by convention, it will be assumed—unless otherwise explicitly
stated—that the interpretation of R in (xRe, *% ) is *R.

Suppose that R is a n-place relation on Re where n > 1 and that R(a,, .. ., a,).
Then R(ay, . . ., a,) is true in {(Re, & ). By elementary equivalence, R(ay, .. ., a,) is
also true in {*Re, %% . Since in {(*Re, *F ) a,, .. ., a, are interpreted as a,, . . ., ay,
we can conclude that %R(ay, . . ., a,). But this means that %R is an extension of R,
i.e. that R < *R.

Convention. For convenience and clarity, the extensions of arithmetical opera-
tions and relations will often be denoted by the same symbol as those operations
and relations of which they are extensions. That is, * < will often be written as <,
%= as =, *+ as +, etc.

Definition 3.2. Let {xRe, +% ) be a nonstandard model of {Re, #>. An element
« in *Re is said to be infinitesimal if and only if for each r € Re*, | a| < r.

Theorem 3.2. There is an infinitesimal B in *Re*.

Proof. Since Re is a proper subset of *Re, let « be in *Re and not be in Re. Since
0€ Re, o # 0. Since a ¢ Re, —a ¢ Re. Since Vx(x # 0 >0 < x V 0 < —Xx))isa
true statement in L(F) of {Re, #) and therefore of {(xRe, *F, either 0 < « or
0 < —a. Without loss of generality, suppose that 0 < .

Case 1. o« < r for each r € Re*. Then, by definition, « is an infinitesimal and
a € xRe*.

Case2. « > rforeachr € Re*.Letf = 1/a. We willshow that 8is an infinitesimal
and B e #Re*.Vx(x > 0 — 1/x > 0)is a true statement of (Re, & and is therefore
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atrue statement of (xRe, *F). Since 8 > 0 this meansthat1/8 > 0. Hence 8 € *Re™.
Let r be an arbitrary member of Re*. Since 1/r < «, it is easy to show that 8 =
1/« < r. But this means that B is an infinitesimal.

Case 3. Therearerand sin Re* suchthatr < @ < s.Let4; = {fe Re* | ¢t < o}
and 4, = {t€ Re* | t > o}. Then (4,, 4,) forms a Dedekind cut of Re*. Let ¢ be
the cut number determined by (4., 4,). Since o ¢ Re*, a # c. Therefore, either
a — ¢ > 0orc— «> 0. Without loss of generality, assume that ¢ — & > 0. (The
case of « — ¢ > 0 follows by a similar argument.) Let » be an arbitrary member of
Re*.LetB = ¢ — a. We will show that 8 < rthus establishing that B is an infinitesi-
mal. Suppose that r < B. We will show a contradiction. Then r < ¢ — «, i.e.
r + o < c. Therefore, « + r/2 < ¢. Thus ce 4,. Let d = ¢ — r/2. Then « < d.
Thus d € A4,. Since d < ¢, ¢ cannot be the cut number of (4,, 4,); a contradiction.

Definition 3.3. Let {xRe, +% > be a nonstandard model of the reals and « € *Re.
o is said to be finite if and only if | « | < r for some r € Re. « is said to be infinite if
and only if | « | > r for each r € Re.

Theorem 3.3. If o € *Re and « is finite then there is r € Re such that ¢ — ris
infinitesimal.

Proof. Let A; = {teRe|t < a}and A, = {t€ Re | t > o}. Then (4,, 4,) forms
a Dedekind cut of Re. Let r be the cut number of (4;, A2). Then it is easy to show
that & — r is infinitesimal.

Theorem 3.4. If e € xRe, 5, r € Re, « — s is infinitesimal, and « — r is infini-
tesimal, then r = s.

Proof left to reader.

Definition 3.4. Let {xRe, x%# > be a nonstandard model of the reals and « € xRe
and « be finite. Then, by definition, °« is the unique r € Re such that « — r is
infinitesimal.

Theorem 3.5. Let «, o; be infinitesimal, B, B, be finite, and v, y, be infinite.
Then the following are true:

(1) « + «, is infinitesimal,

(2) «Bis infinitesimal,

(3) B + B, is finite,

(4) if B and B, are not infinitesimal, then BB, is finite and not infinitesimal,
(5) B + v is infinite,

(6) if B is not infinitesimal then By is infinite, and

(7) yy. is infinite

Proof left to reader.

4. Imbeddings of Ordered Abelian Groups. Definition 4.1. Let {4, <,°> be an
ordered abelian group. Let a, b be in 4*. Then a is said to be commeasurable with b
if and only if one of the following two conditions hold:

(1) a < b and for some ne I* b < na, or
(2) b < aand for some neI* a <X nb.
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In the ordered abelian group <{xRe, <, +), every pair of finite noninfinitesimal
elements of «Re* are commeasurable. However, if « is a positive infinitesimal, then
« and 1 are not commeasurable.

Theorem 4.1. Let {4, <, o> be an ordered abelian group. Then the relation
defined by x being commeasurable with y is an equivalence relation on 4+.

Proof left to reader.

Definition 4.2. The equivalence classes determined by the commeasurability
relation are called commeasurability classes.

Definition 4.3. Let {4, <, > be an ordered abelian group. Then, by definition,
A is the set of commeasurability classes of 4*. Also, if U, V are in 4 then, by
definition, U <X V'iff for some u € U and some ve V, u X v.

Theorem4.2. Let A and <X be as in Definition 4.3. Then < is a total ordering
on 4.

Proof left to reader.

Theorem 4.3. Let {4, <, o> be an Archimedean ordered group. Then 4 =
{4+}.

Proof left to reader.

The following theorem shows that the commeasurability classes need not be
discretely ordered.

Theorem 4.4. Let A, B be commeasurability classes of (xRe*, <, +) such
that 4 < B. Then there is a commeasurability class C such that 4 < C < B.

Proof. Let « € A and Be B. Then for some y € *Re*, ay = B. Since 4 < B,
a < B. Therefore y > 1. Consider 8 = a+/y. Since y > 1, @« < 8 < B. Let n be an
arbitrary member of I *.Since 4 < B,n?%« < B. Thereforen?« < ya = . Thusn < y =
4/y. Therefore ne < 4/ya = 8. Since nis an arbitrary member of I+ we have shown
that & is not in the commeasurability class of «, i.e., 6 ¢ 4. Since n < 4/y for
each nel*,nd < 4/y8 = ya = f for each nelI*. Thus 8¢ B. Let C be the
commeasurability class that contains 6. Then 4 < C and C < B.

Let {4, <, o> be a relational system where o is a two place partial operation.
Traditionally, <4, =<, o) is said to be an empirical measurement system if and only if
there is a function G from A into Re* that satisfies the following two conditions:

(1) for each x, y in 4, x < y iff G(x) < G(»), and
(2) for each x, yin 4, G(x o y) = G(x) + G(»).

Since the function G imbeds A4 into Re while preserving the intrinsic properties of <
and o, many of the rich algebraic and topological properties of Re can be used for
the analysis of the structure of <4, <, ). However, to guarantee that such a
function G exists, it is necessary to assume (perhaps implicitly) some Archimedean
axiom.

In the following it will be shown that ‘empirical measurement systems’ can be
adequately axiomatized without use of Archimedean axioms. These measurement
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systems will be imbedded in structures that are generalizations of the reals. Some of
these, *Re for example, will have all the relational and algebraic properties of the
reals.

Definition 4.4. Let {A4, <, o) be an ordered abelian group and S < A*. Then a
function f7is said to be an imbedding of S (with respect to <, o) into Re* (respectively
*Re™) if and only if the following three conditions hold:

(1) fis a function from S into Re* (respectively *Re*);
) forall x,ye S, x < yiff f(x) < f(»); and
() forall x, y € S, f(x o y) = f(x) + f().

Theorem 4.5. Let (A, =X, °)> be an ordered abelian group, S < 4%, and fan
imbedding of S into Re* or #Re*. Then the following two statements are
true:

(1) if x,ye S and x ~ y then f(x) = f(»), and
(2) if xe S and n eI* then f(nx) = nf(x).

Proof left to reader.

Theorem 4.6. (Holder’s Theorem). Let {4, <, o> be an Archimedean ordered
abelian group. Then there is an imbedding of 4* into Re.

Proof. See [4], Chapter 2.
Definition 4.5. An ordered abelian group (4, <<, o) is said to be regularly dense if
and only if for each x € 4 and each n € I'* there is a y € 4 such that x ~ ny.

Theorem 4.7. (Abraham Robinson and Elias Zakon). Let {4, <X,o> be a
regularly dense, ordered abelian group. Let &# = {<, o}. Then there is an
Archimedean ordered abelian group that is elementarily equivalent to <4, <,
o) in the language L(%).

Proof. See [13].

Theorem 4.8. Let {4, <, 0> be a regularly dense, ordered abelian group.
Then there is a nonstandard model of the reals {xRe, +%# >, an element u of
*Re*, and an imbedding G from A* into #*Re™ such that for each x in A4,
u < G(x).

Proof. Let G = {<X,o}. By Theorem 4.7, let (B, <i,°;> be an Archimedean
ordered group that is elementarily equivalent in the language L(9) to {4, <, o).
Let D = B U Re. Let (D, ) be the full relational system of D. For notational
simplicity, we will assume that D n 4 = ¢. Construct the first order language L,
from L(3¥) as follows: in each formula of L(5#) replace each occurence of 5; by
and each occurence of o, by o. Naturally, when interpreting the predicate symbols of
L,in{D, o), S isinterpreted as <; and e aso;. Let A; = {a | a € 4} be a new set of
individual constant symbols and ¢ still another new individual constant symbol. (In
particular, ¢ ¢ A4,.) Let L, be the first order language that has as its n-place predicate
symbols (n > 1) the n-place predicate symbols of L,, and asits individual constant
symbols the individual constant symbols of L, together with 4; and {c}. Let I’y be
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the set of sentences of L, that are true in (D, 5#). Let e be an identity element of
{4, <5, °). (Recall that the two place operation o is interpreted as a three place
relation so that x o y = z stands for o(x, y, z).) Let

I ={x<y|x,yedandx <y}
{xoy=1z|x,y,z€dand xoy = z}.
Let
Iy ={c<x|xed*}U{e<c}.
Let
'=T,ul,url,.

We will now show that I is finitely satisfiable.

Let A be a finite subset of I'. Let 6,,.. ., 8, be the sentences of A N (I'y U T'y).
Let a,, ..., a, be the individual constant symbols of 4, that occur in the formula
0.A, ..., AO,. Let ¥(c, a,,...,a,) be the formula 0,A,..., Af,. Let ac A* be
such that a < ag; for i = 1, ..., n. (This can be done since (A, <, o) is regular.)
Then ¥(a, a,, . . ., a,) is truein {4, X, o). Therefore Ix3x;, ..., Ix, T(x, X1, . . ., X,)
is true in {4, <, o). By elementary equivalence, Ix3x,, ..., Elxn W(x, X1y...5 Xp) 18
also true in (B, i, o;>. Therefore let b, by, ..., b, be elements of B such that
Y(b, by, ..., by)is true in (D, #’>. Then A is simultaneously satisfiable in {D, £
under the following interpretation: each predicate symbol of AN T, is given its
natural interpretation in 5#; ;S and o are interpreted as <X; and o, respectively;
a,,...,a, are interpreted as bl, ..., b, respectively; and c is interpreted as b.

By the compactness theorem (Theorem 1.1), T' is simultaneously satisfiable in
some relational system 2,9 = (xD, %<, %o, A,, x>, where A, is such that
x € A, iff x is the interpretation of some y € 4,. Let f be the following function
from A* onto A4,: f(x) = yiff y is the interpretation in 2 of x. Since for each x, y, z
inA*,xoy =ziffxoy =zisin T iff x oy = zis true in D iff f(x) *o () = f(2),
and x < yiff x < yisin I'; iff x < y is true in Z iff f(x) *< f(y), we can conclude
that fis an isomorphic imbedding of 4* into A4,. Let ¢ be the interpretation of ¢ in
2. Since 2 is a relational system for I'y, for each x € A4,, ¢ *< x. Let B be the
interpretation of B in 2. Since 2 is a relational system for I'; U 'y, 4, < *B* and
ce*B*. Since (B, <X, 01y is an Archimedean ordered group, by Theorem 4.6, let
F be an imbedding of (B, <, oy> into {Re, <, + ). Then Fe s#. Therefore the
following sentences are in I'y:

(1) Vx(B*(x) = y(Re*(y) A F(x) = »)),
() VxVy((B*(x) A B*()) = F(x o y) = F(x) + F(3)),
(3) Vx¥y((B*(x) A B*()) = (x <y < F(x) < F(3))).

Since 2 is a relational system for I'y, the above three sentences are true in 2. Let
+F be the interpretation of F in 2. Then,

(1) for each x € xB* there is a y € *Re* such that *F(x) =
(2") for each x, y in *B*, xF(x %0 y) = *F(x) + *F(y); and
(3") for each x, y in #B*, x < y iff *F(x) < *F(y).
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Recall that fis an imbedding of <4*, X, o) into (+B*, %<3, *o>, For each x € 4+
letG (x) = *F(f(x)). Then G is an imbedding of (4%, X, o) into (xRe*, <, o>
Since ¢ *< x for each x € A,, *F(c) < G(x) for each x e 4+,

Definition 4.6. Let {4, <, o) be an ordered abelian group and S < 4*. Then B
is said to be a set of units for S if and only if the following three conditions hold:

(1) B S;
(2) for each x € S there is a y € B such that y is commeasurable with x; and
(3) if x and y are in B and x # y then x and y are not commeasurable.

Theorem 4.9. Let {4, =<, o) be an ordered abelian group and S < 4*. Then
there is a set of units for S.

Proof left to reader.

Definition 4.7. Let (4, <, ) be an ordered abelian group and S < 4*. A scale
s for S is a function from S into Re* such that the following five conditions hold:

(1) if x, y € S and x is commeasurable with y then s(x o y) = s(x) + s();

(2) if x, y € S and x is commeasurable with y then: (i) if x < y then s (x) < s(p),
and (ii) if s(x) < s(y) then x < y;

3) if x,y e S, x< y, and x is not commeasurable with y, then s(x o y) = s(3);

@) if x,y €S, x is commeasurable with y,ze 4%, x0z ~ y, and s(x) = s(3),
then z is not commeasurable with x; and

(5) B = {x| xe S and s(x) = 1} is a set of units for S.
B is called the set of units for s.

Theorem 4.10. Let {4, <, o) be a regularly dense ordered abelian group,
S < A%, and B a set of units for S. Then there is a scale s for S such that B
is the set of units for s.

Proof. Let (Re, %) be the full relational system for Re. By Theorem 4.8 let
{xRe, ¥ >, « and G be such that the following four conditions hold:

(1) {*Re, +% ) is an elementary extension of (Re, ¥ >;
(2') ae*Re*;

(3') G is an imbedding of 4+ into *Re*; and

(4) foreach x€ A%, G(x) > a.

The following sentence of L(&) is true in (Re, #):
VxVy((Re*(x) A Re*(y) A x < y)—
A @) Azx Sy A (24 Dx > ).
Therefore, by elementary equivalence, for each x, yin #Re*, if x < y then for some
zin*I*, zx < yand (z + 1)x > y. Therefore, for each x € S, let N,, be a member of

I+ such that N,e < G(x) and (¥, + De > G(x). Let a, b be members of S. We
will show that the following two statements are equivalent:

(i) a and b are commeasurable,
(ii) N /N, is finite and not infinitesimal.
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Without loss of generality, suppose that a << b. Suppose (i). Let n € I'* be such that
na < band (n + 1)a > b. Then
N < G(b) < G((n + 1a) = (n + DG(@) < (n + DN + Dew
Thus Nye < (n + 1)(V, + 1)e. Dividing by o we get N, < (n + 1)(V, + 1). Thus

1 N,+1 2N,
n+1$ Nb SNb

That is,

_1___.. < ].!”'.
2m+1) N
Thus we have shown that N,/N, is not infinitesimal. Since a < b, it follows that
N, < N,, ie. N/N, < 1, ie. N /N, is finite. We have therefore shown that (i)
implies (ii). Now suppose (ii). Since N /N, is not infinitesimal, let g € I'* be such that
1/g < N, /N,. Then (N, + 1) < (g + 1)N,. Therefore
G®) < (N, + Do < (g + DN < (g + 1)G(a) = G((g + Da).
Therefore b < (g + 1)a. That is, a is commeasurable with b. Therefore (ii) implies
®-
We need the following two lemmas to complete the proof:
Lemma 1: if x€ A* then N, is infinite.
Proof: Let x€ A* and n be an arbitrary member of I'*. Since {4, <, o) is
regularly dense, let z € A+ be such that nz ~ x. Since z€ 4™, « < G(z). There-
fore ne < nG(z) = G(nz) = G(x). That is, for each nel*, ne < G(x).
Therefore for each neI*, n < N, + 1, i.e. N, is infinite.
Lemma 2: if x,ye A* then N, + N, — 1 < N,,, < N, + N, + 2.

Proof:
N,e + Ny < G(x) + G()) = G(x°y) < (Nyoy + De
and

Neoyer < G(xoy) = G(x) + GO) < (N + De +
NV, + D= (N, + Ny + 2.
For each x € S let B(x) be the unit of B that is commeasurable with x. For each
xe Slet
°( Nx )
sx)= [—)-
*) (stm

We now show that s is a scale for S. Since 8(x) is commeasurable with x, N,/ Np
is finite but not infinitesimal. Therefore,

Bx)
( (x).

for each x € S. That is, s is a function from S into Re*.
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(1) Suppose x, y € S and x is commeasurable with y. Then x o y is commeasurable
with x. Therefore B(x) = B(y) = B(x o). Let N = Ny, Then by Lemma 1, N is
infinite. By Lemma 2,

Net Ny—=1 _Ne  Net Ny +2
N N N

Since N is infinite, 1/N and 2/N are infinitesimal. Therefore by simple algebra

_ °(N, + Ny) _ °(Nx + N, — 1) °(Nx,y) _
() - 2 < (Mer) = sxoy)

< O(Nx +]]\\[,y + 2) = O(Nx ]'*\'[ Nﬂ) s(x) + s().

That is, s(x) + s() < s(x o y) < 5(x) + s(»), i.e. s(x o y) = s(x) + s(»).

(2) Let x, y € S be such that x is commeasurable with y. Then B(x) = B(»). Let
N = Ny Then, (i) if x < y then N, < N, and °(NV,/N) < °(N,/N), ie. s(x) <
s(y), and (ii) if s(x) < s(p) then °(NV,/N) < °(N,/N),i.e. N, < Ny, ie. x <y.

(3) Let x, y € S be such that x < y and x is not commeasurable with y. Since
y<x+y<y+yyis commeasurable with x + y. Therefore 8(y) = B(x  y).
Let z = B(»). Since x is not commeasurable with y and y is commeasurable with
z, x is not commeasurable with z. Since x < y, it then follows that x < z. Therefore,
for each nelI*, nx < z. Thus for each nelI*, G(nx) = nG(x) < G(z). That is,
nN,a < (N, + 1)e for each neI*. That is, for eachneI*, nN, — 1 < N,. Thus

N, 1 1 1

—]-\-’; < 7 + I’l_]Vz < P
for each neI*,n > 2. By Definition 3.2, this means that N,/N, is infinitesimal.
Since by (1), s(x o y) = s(x) + s(»), we can conclude that

steop) =509 +50) = () = (F) = 500,

s(x) + s(»)

Il

(4) Let x, y€ S and z € A* be such that x is commeasurable with y, x oz ~ y,
and s(x) = s(»). Then we will show by contradiction that z is not commeasurable
with x. Assume that z is commeasurable with x. Let n € I* be such that x < nz.
Then N,o < n(N, + D). Thatis, N, < n(N, + 1) = nN, + n. Thus,

No—n_ly 1<,
n n

Since x is commeasurable with y, 8(x) = B(y). Let N = Ny,. Then, by Lemma 2,
N, + (%Nx— 1) —1<Ny+N,—1< Ny, =N,

Since, by Lemma 1, 1/N is infinitesimal and

)00 )
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we can conclude that
1

(o3 - (e b)) = - )

N
1\°(N, °(N,
(1+3 %) = &)
which is impossible since
o Nx .
(_17) € Re*.

Theorem 4.11. Let {A, <, o> be an ordered abelian group, S < A+, and s, ¢
be scales for S. Let T'be a subset of S that satisfies the following two conditions:

That is,

(1) for each x, y € T, x is commeasurable with y; and
(2) for each x € T, nx € T for sufficiently large positive integers n.

Then there is a positive real number r such that for all x € S, s(x) = rt(x).

Proof. Let xeT and r = s(x)/t(x). Let y € T. Then for each sufficiently large
nel*, let N,eI* be such that N,y < nx < (N, + 1)y. Then N, approaches
infinity as n approaches infinity. Also s(N,y) < s(nx) < s((V, + 1)y). From which
we conclude, N,s(y) < ns(x) < (N, + Ds(y). Therefore

iV_l,<s(x)<Nn+1.

n "~ 365 - n
Similarly,

_]\_I’_‘ < .t(i) < No + 1.

n =ty n

Letting n approach infinity, we have

nos() 1Y)
Since s(x) = rt(x), we get
rt(x) _ H(x)
sO)  10)

ie. rt(y) = s(y).

5. Extensive Structures. Definition 5.1. Let {4, 5, o> be a relational system such
that < is a two place relation on 4, B < A x A, and o is a function from B into A.
(L.e. o is a partial operation on A.) Then {4, X, o> is said to be an extensive structure
if and only if the following six conditions are satisfied for all a, b, c€ 4:

(1) <is a weak order on 4;
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) if(a,b)e Band (aob,c)e B, then (b,c)e B, (a,boc)e B,and (@aob)oc =
ao(boc);

() if(a,c)e Band a = b, then (c,b)e Band aoc = co b;

(4) if a > b, then there exists d € A such that (b,d)e Band a = bod;

(5) if (@, b) e B, then ao b > a; and

(6) there exist x, y € 4 such that a < x o .

Definition 5.2. The relational system {4, <<, o> is said to be an Archimedean
extensive structure if and only if the following two conditions hold:

(1) <4, <, o) is an extensive structure; and

) ifay, ay,...,a,...,1is an (infinite) sequence of members of A such that for
n=23,...,a, = a,_,°a,, then for all b€ A4 it is not the case that for each
nel*,a, <b.

Theorem 5.1. Let (A, <, o> be an Archimedean extensive structure and B be
the domain of o. Then there is a function f from A4 into Re™ such that the
following two conditions hold for all x, y € 4:

1) x <yiff f(x) < f(»); and
(2) if (x, ) € B then f(x o y) = f(x) + f()).

Furthermore, if g is another function from A4 into Re* that satisfies (1) and (2),
then there is r € Re* such that for all z € 4, g(z) = rf(2).

Proof. See [4], Chapter 3.

Theorem 5.2. Let {4, <, o> be an ordered abelian group, S < 4*, and s, ¢
scales for S. Let ae S and T = {y € S | y is commeasurable with a}. Suppose
that T satisfies the following three conditions:

) ifx,y,zeT,xoyeT,and z<X y,then xoz€e T;

(2) if x,yeT and x < y, then there is a zeT such that xoze T and
x<xo0z=y;and

(3) if x € T then there are y, z€ T such that x < yo z.

Then there is a positive real number r such that for all x € T, s(x) = rt(x).

Proof. Let <, and o, be the restrictions of < and o to T. Then it is easy to verify
that <T, <, o, > is an extensive structure. Since all members of T"are commeasurable,
(T, <i, 01> is Archimedean. Therefore, by Theorem 5.1, there is a positive real
number 7 such that for all x € T, s(x) = rt(x).

Definition 5.3. The relational system {4, <, o) is said to be a closed extensive
structure if and only if the following five conditions hold for all a, b, c € 4:

(1) < is a weaker order on 4;

(2) o is a binary operation on 4;

(3 (@eb)eczac(beoo);

4 ifaz bthenaocX cob;and

(5) ach>a.





















