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The scale type (M, N) of an ordered relational structure is defined in terms of two 
properties, called M-point homogeneity and N-point uniqueness, of the automorphism 
group of the structure. For real structures on an open interval, scale types (1, 1)  and 
(2, 2) correspond to ratio and interval representations, respectively. Accepting certain 
key properties, such as transitivity of the ordering relation and, in the case of  a binary 
operation, monotonicity, and assuming that a real representation exists, then for each 
scale type whose real transformation group is  known, the possible forms for the 
representation can be derived. For structures with a monotonic, binary operation, this 
is  done completely for the ratio and interval cases, and incompletely in what is  shown 
to be the only other interesting case exhibiting substantial symmetry, (1, 2). These 
results are then used to gain a better understanding of the psychological theory of 
util ity of gambles and the possible generalisations of multiplicative conjoint structures, 
which are of importance in dimensional analysis. 

1 l ntroduction 
Axiomatic theories of  measurement lead to theorems of 

three general types. The first, known as a representation 
theorem, formulates, in terms of  the primitives of  a qualita- 
tive (and, potentially, empirical) relational structure, 
axioms that are sufficient (and occasionally necessary as 
well) for the existence of  a homomorphism into a 
numerical relational structure. 

The second, known as the corresponding uniqueness 
theorem, formulates the entire class o f  possible homomor- 
phisms into (and sometimes on to) the same numerical 
structure. This is usually stated in terms of  the group of  real 
transformations that relate the several homomorphisms. In 
many cases it can be formulated in terms o f  the automor- 
phisms of the structure itself. 

The third, known as a meaningfulness theorem, formu- 
lates the class of  statements that can be meaningfully 
asserted, either using the primitives of  the structure itself 
o r  using the terms of its numerical representations. The 
concept of meaningfulness, which is to  some degree contro- 
versial, has in many important cases to d o  with the in- 
variance o f  statements under alternative numerical repre- 
sentations. In some cases of interest, this is equivalent to  
invariance o f  qualitative relations under the automorphisms 
of  the qualitative structure. For physical scientists, the best 
known example of  such a result is Buckingham's n-theorem 
of dimensional analysis (see Buckingham, 1914, and 
Chapter 10 of  Krantz et al, 1971). 

The paper also describes a fourth type of  theorem which 
has only recently begun to be developed. The main goal of 
this fourth type is to accept a few of the most important 
axioms of  a structure, and then to classify all possible 
numerical structures exhibiting those properties. This 
provides a listing of the possible representations for such 
structures. The principle used to classify structures is based 

upon a classification of  the automorphism groups o f  these 
structures The key to arriving at these results is a well 
articulated concept of  what is meant by the scale type of  a 
structure. It is believed that results of  this fourth type, of  
which a number are stated below, will aid significantly in 
completing the traditional work o f  axiomatic measurement 
theory. They make crystal clear which axiom systems need 
to be worked o n ;  however, they d o  not seem t o  be very 
much help in actually finding the axioms needed t o  achieve 
the various representations. 

As we shall see, the current results pertain only to  struc- 
tures that exhibit a considerable degree of  symmetry, as is 
true of  the familiar ratio and interval cases. There is not ,  at 
present, any useful classification o f  non-symmetric struc- 
tures such as finite ones or ones with an intrinsic zero in the 
sense o f  an element invariant under all automorphisms of  
the qualitative relational structure. It is doubtful whether 
anything of use along these lines will arise for the finiteones 
o r  for any others that exhibit little symmetry, but there is 
more optimism about generalising concepts t o  cover ones 
that have substantial substructures that do exhibit 
symmetry, as is true of  the conjoint structures disctissed in 
section 6. 

The paper is organised as follows: section 2 presents the 
general definition of  scale type;  section 3 describes some 
very general results about rea! structures, defined on 
infinite real intervals, when their scale type is known; and 
section 4 applies these results to  the case o f  (non-associa- 
tive) concatenation operations. Section 5 then applies the 
results of  section 4 to one version of  the subjectiveexpected 
utility problem; and finally, section 6 generalises the con- 
cept of  a scale type so as t o  apply the results of  section 4 t o  
conjoint structures (ordering of  the Cartesian product of  
two sets) that are well endowed with factorisable 
automorphisms. 
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