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Axiomatic Measurement Theory'

R. DUNCAN LUCE AND LOUIS NARENS

INTRODUCTION

Everyone is aware that measurement is a cornerstone of science, one that in
some cases is highly controversial. Much complex technology underlies the
refined measurement of certain physical quantities, some of which can be
estimated to surprisingly large numbers of significant figures; one of the more
elaborate businesses spawned by the social sciences, a business that affects all of
our lives, attempts to measure intellectual ability and/or achievement; and
elaborate computer programs are widely used to provide numerical representa-
tions (and simplifications), e.g., by factor analysis and multidimensional scaling,
of complexes of data. Behind all of this activity is a belief, often sustained by a
mixture of intuition and successful-if ill understood—procedures, that certain
bodies of data can be represented in some fashion by numbers and their
relations to each other. The goal of the semiphilosophical, semimathematical
field of our title is to lay bare the types of empirical structures that admit such
numerical representations.

The reason for the term “axiomatic” in the title is that this is how the
structures involved are described. The task is to isolate axioms that, on the one
hand, are empirically and/or philosophically acceptable for at least one im-
portant scientific interpretation of the primitives and that, on the other hand,
permit us to prove mathematically that the structure is closely similar (usually,
isomorphic or homomorphic) to some numerical structure. Ultimately, one aims
for a finite collection of different classes of structures that span all the scientifi-
cally interesting cases.

At present, our knowledge appears quite adequate for the better developed
parts of classical physics. It is interesting to note that many influential writers
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considered that classical physics had achieved an adequate measurement-theo-
retic underpinning by 1920, but that view simply was wrong and a tolerably
adequate theory was only forged in the past few years and it is still being
improved. It is considerably less clear that existing theory is adequate for some
of the classically intractable concepts, such as those having to do with turbu-
lence and hardness. In relativistic physics things are much worse, and it is
doubtful if existing theory is suitable for such variables as relativistic velocity.
More generally, any bounded variable, including probability and sensory con-
cepts such as loudness and brightness, raises tricky problems that are not yet
fully understood. Further, it is quite clear that the existing theories are not suited
to the measurement questions that arise in quantum mechanics, and to date little
effort has been spent on these questions.

If the field remains incompletely developed for physics, it is anyone’s guess as
to how adequate it will prove to be for the biological, behavioral, and social
sciences. These fields, especially the latter two, have struggled for years with
problems of measurement, and although much is “measured”, the underlying
conceptual basis is still poorly understood. In fact, a major motive for much of
the work on axiomatic measurement since 1947, when the work of von Neu-
mann and Morgenstern [1944, 1947, 1953] on utility theory became widely
known, has been to clarify just what the measurement options are. There was a
time-Campbell [1920], Cohen and Nagel [1934]-when measurement was said to
be limited to those structures isomorphic to the additive reals and things that
could be “derived” from them. This position was asserted, and asserted strongly,
despite the fact that the ring of real numbers clearly played a role in the
representation of physical measures—witness the additivity of length, mass, time,
and the like, and the product of powers of measures to form other measures, as
reflected in the units of physical measurement. Today, we know of several
classes of structures with vastly richer numerical representations than the addi-
tive group of the reals, which nonetheless still plays a highly central role, and we
hope that behavioral and social scientists will find useful some of the recently
developed generalizations. There exists a small group of theoretical and empiri-
cal scientists who are working on the interplay of these kinds of measurement
concepts with data, but it probably will take a considerable time before we have
any clear sense of just how applicable this kind of “applicable mathematics” is
outside of physics.

At this juncture, two quite different types of programs are needed. The one is
to recast, to simplify, and to inject these ideas into the mainstream of the
behavioral and social sciences, just as was done with statistics over the past 50
years. This has begun on many fronts, including texts, expository articles,
empirical methods, computer programs, and the like. It will have ¢ continue for
a long time, just as it has with statistics, and it will have to be shown to make &
difference. The other is to enlist the help of the mathematical community to
enlarge our understanding of the relevant structures. It is not. however, just a


































































