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This paper takes a critical look at theory-free, statistical methodologies
for processing and interpreting data taken from respondents answering a
set of dichotomous (yes-no) questions. The basic issue concerns to what
extent theoretical conclusions based on such analyses are invariant under
a class of ‘“‘informationally equivalent’ question transformations. First the
notion of Boolean equivalence of two question sets is discussed. Then Lazars-
feld’s latent structure analysis is considered in detail. It is discovered that
the best fitting latent model depends on which one of the many informationally
equivalent question sets is used. This fact raises a number of methodological
problems and pitfalls with latent structure analysis. Related problems with
other methodologies are briefly discussed.

1. Introduction. Much of the methodology in the social sciences
proposes techniques for drawing conclusions from data represented
inthe form of answers to dichotomous (yes-no) questions (or attributes)
about some domain of inquiry. Among the many examples are latent
structure analysis (e.g., [5]), multivariate uncertainty analysis (e.g.,
[2]), multidimensional scaling of respondents, taxonomy construction,
and the classification of respondents by linear discriminant analysis
([4]). Such methodologies postulate a theory-free set of mathematical
models, and the application of a particular methodology to particular
data involves selecting the ‘‘best fitting’” member of the set of models
for that methodology. While a methodology may be applied solely
as a data reduction tool in the spirit of curve fitting, more frequently,
efforts are made to interpret the selected model theoretically in
substantive terms. Related examples of this strategy in the social
sciences (for data other than dichotomous) are well known in applica-
tions of analysis of variance, factor analysis, linear regression, and
multidimensional scaling.!
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'Many of the points made in this paper have direct consequences for taxonomic
work in the biological sciences, in particular the debate concerning those who prefer
phylic to phenic attributes in taxonomy construction (c.f. [7]). However, for a number
of reasons, it seemed preferable to confine our analysis to methods in common use
in the social sciences.
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In the dichotomous case, a particular research project generally
proceeds in four separate stages: (1) questionnaire development, (2)
data collection and preliminary analysis into a respondents-by-ques-
tions matrix, (3) the application of some standard methodology to
such data, and (4) the substantive interpretation of the resulting model.
While there is some body of literature on what constitutes a ‘‘good
questionnaire,”” we have not been able to find any literature on the
relationship of the questionnaire to the conclusions drawn from the
data by the methodology employed. Most researchers suspect that
one’s knowledge about a domain will be heavily dependent on which
questions are asked, but the extent to which the substantive conclusions
of a data analysis routine will depend on the questions asked is not
known. Basically this paper is concerned with the central question
of whether or not the best fitting model (and therefore the substantive
conclusions) of a statistical methodology for dichotomous data is
invariant under a class of question transformations. Precise definitions
of ‘‘question transformations’’ will be developed in the next section.

There is an old saw in mathematics that most things of mathematical
or theoretical interest are invariant under important classes of trans-
formations. For example, topological properties of a rubber sheet
are invariant under various distortion operations such as stretching,
and the areas and volumes of geometrical objects are invariant under
the transformation of rotating coordinate system, etc. Invariants have
also played a major role in the development of science, e.g., the
conserved quantities of mass, energy, and momentum are invariant
under radically different description frameworks. Even social science
has its invariants, e.g., the correlation coefficient as well as the t
and F statistics are invariant under linear transformations in the
dependent variables. In fact one way that statistical texts can be
organized is around the scale type of the dependent variables which
in turn by the work of Stevens ([8]) is related to measurement scale
transformations and invariants. Multidimensional scaling into Euclid-
ean space has the feature that interobject distances are invariant under
coordinate axis rotation, etc.

The emphasis of this paper is the question of the invariance of
the theoretical structuring of a domain of inquiry under transformations
on the questions asked about it. A corollary of this perspective is
that when invariance is absent the case must be made for why the
questions or attributes used were the ‘“‘correct ones’’ for the method-
ology. The paper first presents a technical discussion of dichotomous
questions and introduces the concept of Boolean transformations.
Then, after preliminary notation is developed, latent structure analysis
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is considered in the context of general Boolean transformations on
the question set. Following a brief summary of related results for
other methodologies, a number of methodological issues are raised.

2. Boolean Transformations. Dichotomous questions are questions that
can be answered yes or no. There are two types of dichotomous
questions that will be considered: objective questions and subjective
questions. Objective questions are formulated and answered by the
researcher and are questions about data on the members of a population;
subjective questions are questions that are formulated by the researcher
and answered by members of the population. If the researcher asks
a subject ‘Do you have a cold today?’’ the question is considered
subjective; if the researcher asks (of himself) about a subject ‘‘Did
he answer ‘yes’ when asked if he had a cold today?’’ the question
is considered objective.

Sometimes answers to some questions uniquely determine in some
sense answers to other questions. To analyse this phenomena it is
convenient to introduce a calculus of questions called the propositional
calculus. Since for our purposes a ‘‘yes’’ answer to a question Q
is equivalent to the assignment of the truth value true to the proposition
expressed by Q, we will often call questions propositions. Furthermore,
the symbol 1 will be used to denote a yes response or assignment
of true to Q and 0 will denote a no response or an assignment of
false to Q. Also in some contexts, questions are called attributes,
and the assignment of 1 for subject j for attribute P will mean that
subject j has attribute P.

Let 2 = {Q,, Q,, ..., Q,} be a set of M propositions. Then by
a Boolean function P on 2, we mean a logical formula using the
propositions in 2 and the standard logical connectives: disjunction
(‘‘or,”” v), conjunction (‘‘and,’’ A), negation (‘‘not,”’ ~), bicondition
(““if and only if,”’ <), etc. It is a well-known theorem of propositional
logic that all possible logical connectives can be defined in terms
of the connectives A and ~. By this definition there are infinitely
many Boolean functions on 2. However, if one identifies two Boolean
functions P and Q as being logically equivalent if and only if P< Q
is a tautology, then there are exactly 22" different types of Boolean
functions on 2 such that a Boolean function of one type is not logically
equivalent to a Boolean function of a different type.

While a researcher may collect data from each population member
only on 2, it is useful for our analysis to imagine that data exist
on all 22" Boolean function types generated by 2. In the case of
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objective? questions, it seems reasonable to expect that the usual
methods of truth assignments and logic apply since we are supposing
that the researcher is a good researcher and is therefore logical.
However, in the case of subjective questions, the respondent may
well be illogical and his response to a Boolean function on 2 need
not be uniquely determined by his response to 2. Nevertheless, a
logical respondent is certainly a possibility, and it is our aim to study
the impact on standard data analysis routines of logical respondents.
If the conclusions of a data analysis routine are very dependent on
which set of Boolean functions the respondent is asked, then in some
cases it could be argued that the data analysis routine demands illogical
respondents to preserve its conclusions.

Let 2 ={Q,, ..., Q) be a set of M propositions and I" be the
set of Boolean functions on 2. If P,R are elements of I', then P
is said to be Boolean equivalent to R (in symbols, P eq R) if and
only if P<> R is a tautology. Let & be a set of M Boolean functions
on 2. Then £ is said to be Boolean equivalent to 2 (in symbols,
P eq 2) if and only if for each Q in 2 there exists a Boolean function
P on £ such that Peq Q.

Example 2.1. Let 2 ={Q,, Q,} and £ = {P,, P,}, where P,
=Q,<Q, and P,=Q, Then P,eqQ;< Q, P,eqQ,,
Q,eq P, < P,, and Q,eqP,, i.e., & is Boolean equivalent to 2.
Note the truth assignment correspondence given by Equation 2.1.

Q, Q, P, P

1 1|1 1

1 0|0 o0 Q2.1
0 10 1

0 o0l 1 o

Note also that the truth assignments given to & are a permutation
m of the truth assignments given to 2, where m(1,1) = (1,1), n(1,0) =
(0,0), m(,1) =(0,1), and m(0,0) = (1,0). That truth assignments on
& are permutations of those on 2 will be shown in the following
to be a characteristic property of Boolean equivalence.

Let 2={Q,,...,Qy)} be a set of M propositions and &
={P,,..., Py} be a set of M Boolean functions on 2. Then &
is said to be informationally equivalent to 2 if and only if the truth
assignments on & are permutations of the truth assignments to 2:

2It would be possible to become more technical at this point and introduce the
idea of a dichotomous attribute being tied to a measurement. For example, Q, < Q,
might not be obtained by first measuring Q, and Q, and then performing logic. Such
issues are interesting, but their elaboration here would only obscure our main point.
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in other words, & is informationally equivalent to .2 if and only
if there exists a 1-1 function m on the set of truth assignments X
(viewed in the usual truth table format as ordered M-vectors of 1’s

and 0’s) on 2 and functions m,, .. .,m, from X into {0,1} such
that for each x in X, (i) m;(x) = 1 if and only if P, is assigned the
value 1 by x, and (ii) m(x) = (n;(x), ..., Muy(x). Thus if &£ is

informationally equivalent to 2, then each truth assignment to elements
of 2 uniquely determines a truth assignment to elements of & and
vice versa, i.e., # and 2 are informationally indistinguishable.

Theorem 2.1. Let 2 = {Q,, .. ., Q) } be a set of M propositions
and # = {P,, ..., Py} be a set of M Boolean functions on
2. Then 2 and £ are Boolean equivalent if and only if they
are informationally equivalent.

Proof. Let X be the set of truth assignments on 2. For each
x € X and each i = M, let m;(x) = 1 if and only if P, is true under
the assignment x, and let n(x) = (n,(x), . . ., N (X)).
Suppose £ is informationally equivalent to 2, i.e., suppose m is
1-1. For i = M, let

%, ={x|x € Xandq,"' (x) = 1}.

Now for each x € %, write the conjunctive normal form P(x) of
P corresponding to x, e.g., if x = (1,0,0) write

P(x) =P, A ~P, A~ Py
Then let

R, =\/ 2, 2.2)
XEX;

where Eq. 2.2 represents the sentential formula obtained by ‘‘or-ing”’
all the #(x) for x € #,. It is readily established that R; eq Q;. To
see this note that if Q,is true, then the set of possible truth assignments
on Z is given by #,; consequently, 2(x) is true for some x € %,
and therefore R; is true. On the other hand, if R, is true, then £(x)
is true for some x € %, from which it follows that m;”'(x) = 1 and
thus Q; is true. Thus & eq 2.

Suppose £ is Boolean equivalent to 2. Suppose that m is not 1-1.
A contradiction will be shown. Let x, y be elements of X such that
x # y and m(x) = n(y). Since x # y, lef Q be an element of 2 such
that "x assigns true fo Q and y assigns false to Q. Since Z eq 2,
let R be a Boolean function on & such that R eq Q. Since the elements



























































